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The performance of a single regresor/classfier can be improved by combining the outputs of several
predictors. Thisistrue provided the mmbined predictors are accurate and dverse enough, which posssthe
problem of generating suitable aggregate membersin order to have optimal generalization capabiliti es. We
propose here a new method for seleding members of regresson/classfication ensembles. In particular,
using artificial neural networks as learnersin aregresson context, we show that this method leads to small
aggregates with few but very diverse individual networks. The algorithm is favorably tested against other
methods recently proposed in the literature, producing equal performance on the standard statistical
databases used as benchmarks with ensembles that have 75% lessmembers on average.
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1. Introduction

Ensemble techniques have been used recently in
regresson/classfication tasks with considerable
success The motivation for this procedure is based
on the intuitive idea that by combining the outputs
of several individual predictors one might improve
on the performance of a single generic one [1].
However, this idea has been proved to be true only
when the @wmbined predictors are simultaneously
acaurate and dverse enough, which requires an
adequate trade-off between these two conflicting
conditions. Some attempts [2,3] to achieve a good
compromise between these properties include
elaborations of bagging[4], boosting[5] and
stacking[6] techniques.

Artificial neural networks (ANN) provide a natural
framework for ensemble techniques. This is ©
because ANN are a very unstable learning method,
i.e. small changes in training set and/or parameter
sdledion can produce large changes in prediction

outputs. This diversity of ANN comes naturaly
from the inherent data and training process
randomness and aso from the intrinsic non-
identifiability of the model (many different but a
priori equally good local minima of the eror
surface). On the other hand, the above mentioned
trade-off between the ensemble diversity and the
acauracy of the individual members posss the
problem of generating a set of ANN with bath
reasonably good (individual) generalization
capabiliti es and distributed predictions for the test
points. This problem has been considered in several
recent worksin theliterature[2,3,7-9].

We provide here an alternative way of generating an
ANN ensemble with members that are bath accurate
and dverse. The method essntially amounts to the
sequential  aggregation of individual predictors
where, unlike in standard aggregation techniques
which combineindividually optimized ANN [7], the
learning process of a (potential) new member is
validated by the overall aggregate prediction
performance That is, an ANN isincorporated to the
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ensemble only when this improves the
generalizaion capabilities of the previous-stage
aggregate predictor (see Sedion 3). The proposed
algorithm seeks for a new ensemble member that is
a least partially anticorrelated to the arrent
ensemble on some validation set. Here “partially
anticorrelated” means that the prediction errors of
the potential new ensemble member and the
previous aggregate predictor must have opposite
signs at least for some validation points, so that by
combining their predictions the arors on these
points, and eventually the generali zation error on the
test set, will decease.

We tested the proposed algorithm in the regresson
setting by comparing it against a simple exly-
stopping method and the recently-proposed
Neura BAG algorithm (a description of these two
methods can be found in [9]). We @mpare the
performances of the cmposite regresson machines
generated by these algorithms using as benchmarks
the Ozone and Friedman#1 statistical databases.

The organizaion of this work is the following: In
Sedion 2 we discuss the so called bias/variance
dilemma, which provides the theoretical setting for
ensemble averaging. In Sedion 3 we present our
method for seleding the individual members of the
ensemble and gve some insights to understand why
this method should work. Then, in Sedion 4 we
show empirical evidence of its effediveness by
applying it to the Ozone and Friedman#1 catabases
and comparing the results obtained with other
methods. Finaly, in Sedion 5 we draw some
conclusions.

2. TheBias/Variance Dilemma

The theoretical framework for ensemble averaging
is based on the bias/variance decomposition of the
generalizaion error[10]. Let's consider in the
context of regresson a set of N noisy data pairs
D={(t;,x;), i=1,N} ohtained from some distribution P
and generated according to

t=f(x) + g(x),

where t is the observed target value, f(X) is the true
regresson and €(x) is a random noise with zero
mean. If we estimate f using an ANN trained on D
and obtain amodel fp, the (quadratic) generali zaion
error on a test point (t,X) averaged on al possble
readlizaions of the data set D and noise € can be
decomposed as:

E[(t-fo())’D.€] = E[€%D.¢] + (Elfo(¥)|D.¢] - (X))
+ E[(fo(x) - Elfo()D,e1) |Dce]

The first term on the RHS is smply the noise
variance the sewmnd and third terms are,
respedively, the squared bias and variance of the
estimation method. From the point of view of a
single estimator fp(X), we @n interpret this equation
by saying that a good method should be roughly not
biased and have as little variance as posshle
between different redlizaions. It is in general
believed that the first condition is reasonably well
met by ANN; however, as dated in theintroduction,
the seaond oneisin general not satisfied since, even
for a particular data set D, different training
experiments will reach distinct local minima of the
error surface (non-identifiability of the ANN
model).

A way to take advantage of this apparently
weaknessof ANN is to make an aggregate of them.
If werewrite the eror decomposition in the form:

E[(t - E[fo(x)|D.€])’|D.€] = Bias? + 6,2
= Error - Variance,

we @n reinterpret this equation in the following
way: using the average ®=E[f;|D,g] as estimator,
the generalizaion error can be reduced if we are
able to produce fairly acaurate models fp (small
Error) while, at the same time, alowing them to
produce the most diverse predictions at every point
(large Variance). Of course, there is a trade off
between these two conditions, but finding a good
compromise between accuracy and diversity seans
particularly feasible for largely unstable methods
like ANN. Several ways to generate an ensemble of
models with these daracteristics have been
discussd in the literature [2,3,7-9]. In the next
sedion we propose a new method to perform this
task and gve some arguments that suggest why it
should be dfedive; these ideas are later supported
by empirical evidence on benchmark data.

3. The Algorithm for Ensemble L earning

As suggested in the previous dion, in order to
improve the generalizaion capabilities of the
aggregate predictor one must generate diverse
individual predictors retaining only those that
perform reasonably well on vali dation data. Thiscan
be acoompli shed by the following procedure:

Step 1: Generate atraining set T, by abodstrap re-
sample{11] from dataset D, and a validation set V;
colleding al instancesin D that are not included in
T,. Generate a model f; by training a network on T;
until aminimum e, in the generali zaion error on V;
isreached.



Step 2: Generate new training and validation sets T,
and V,, respedively, using the procedure described
in step L Produce a model f, by training a network
until the generali zaion error on V;, of the aggregate
predictor ®, = % (f;+f,) reaches a minimum
e¢2(V2) < ey. In this gep the parametersin model f;

remain constant and the mode f, is trained with the
usual (quadratic) cost function on To.

Step 3: If the previous gep cannot be accomplished
after a maximum Ng of training epochs, disregard
the airrrent training and validation sets and start
again with step 2 wsing new random sets T, and V,

Step 4: If amodd f, is found, incorporate it to the
ensemble and proceal again with steps 2 and 3
seeking for a mode f; such that e¢3(V3), the

minimum generdizdion error on V; of the
aggregate ®5=(f;+f,+f3)/3, beomes smaller than
€, (V2).

Step 5: lterate the process until N, models are
trained (including accepted and regjeded ones). The
individual networks colleded up to this point
congtitute the final ensemble.

A few comments arein order at this point. First, the
algorithm incorporates a new member to the
ensemble only when it helps in improving the
aggregate generaizaion peformance on a
particular validation set; in practicewe found useful
to ched that the performance on the whole data set
D also improves or otherwise to stop the algorithm.
This helpsin reducing the ammputational time since
for large values of N, the procedure will first
terminate by this ond condition. On the other
hand, this condition seansto lead to final ensembles
with nicer generali zation capabiliti es on the test set
(see next sedion). Sewmnd, compared to aher
methods the algorithm produces smaller ensembles
although with members that are more dficient in
reducing the generalization error.

The agorithm above described seems to diredly
reduce the ensemble generalization error without
paying much attention to whether this improvement
is related to enhancing ensemble diversity or not.
We @n seethat it actually finds diverse models to
reduce the aggregate eror as follows. Let’'s assume
that after n succesdul iterations we have an
aggregate predictor d,, which produces an average
error e¢n(Vn) on the validation set V,. When we try

to find modd f,..,, the average validation error on
V.1 Of the aggregate predictor @, will be

(Vard) = (1) { @1+ n’eo (V1)

+ 2nE[(t - Frea(0)(t - Po())|EX)DVia] }
Since to keep f.; in the ensemble we require
e¢n+l(vn+l)<e¢n(vn), in general we will have
€, l(Vn+l)<e¢n(Vn+l)- Furthermore, due to
overtraining of mode f..; we expect e¢n+l(vn+l)
<ep. Then,

E[(t - fra(x)) (t - Pa(x)) | €X)DVia] < €0, (Vi)

which is only possible if f.,; is a least partialy
anticorrelated to the aggregate @,. This analysis
shows that at every stage the algorithm is seeking
for a new diverse model anticorrelated with the
current ensemble. In the next section we will show
how this heuristic works on real and synthetic data
corresponding respectively to the Ozone and
Friedman#1 statistical databases.

€p

n+l

4. Evaluation

We have used two regression problems to evaluate
the algorithm described in the previous section: the
real-world Ozone and the synthetic Friedman#1 data
sets. We compared our method against a simple
early-stopping method and the recently-proposed
NeuralBAG algorithm [9]. In order to compare only
the networks selection methods, we used the same
training process of individual networks for al of
them, and changed only the selection criteria.

Dataset Simple NBAG ThisWork

Ozone 19.81+3.3319.70+3.2119.72+ 3.14

Friedman#] 2.39+0.47 2.26+0.39 2.25+0.44

Table 1. Mean-squared generaization errors averaged
over 20 runs corresponding to three different algorithms
for ensemble learning.

4.1. Ozone

The Ozone data correspond to meteorological
information (humidity, temperature, etc.) related to
the maximum daily ozone (regression target) at a
location in the Los Angeles basis. Removing
missing values oneis left with 330 training vectors,
containing 8 inputs and 1 target output in each one.
The data set can be downloaded by ftp
(ftp://ftp.stat.berkel ey.edu/pub/users/breiman) from



the Department of Statistics, University of
Cdlifornia & Berkeley.

Likein [9], we have mnsidered ANN architedures
with 5 hidden units trained by the backpropagation
rule with learning rate n=0.1 and momentum p=0.2.
Furthermore, we performed also the same (random)
splitting of the data in training and test sets
containing, respedively, 125 and 80 patterns. The
parametersthat characterize the algorithm discussed
in Sedion 3 were set to Nz = 10,000 and N, = 30.
Notice that according to [9] these parameter values
are nearly the optima for the Neura BAG a gorithm.
The results given in Table 1 correspond to the
average over 20 runs of the whole procedure. The
average mean-squared error corresponding to aur
method is practicaly the same eror produced by
Neura BAG, and is dightly smaller than the eror
produced by the smple method. All runs lead to
fairly small ensembles containing a minimum of 2
to a maximum of 7 ANN, which should be
compared with the ensembles of 30 ANN generated
by the other two methods. In Fig. 1 we plot the
evolution in one of the experiments of the mean-
squared errors corresponding to the validation
(whole data) and test sets, as a function of the
number of networks incorporated to the ensemble.
Notice that, in spite of the small number of
validation and test examples, the minima of these
errors ocaur for dightly different numbers of ANN
in the esemble. Actualy, in 40% of the
experiments these minima coincide.
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Fig. 1. Evolution of the erors corresponding to the
validation and test sets as a function of the number of
networks incorporated to the ensemble for the Ozone
problem.

4.2. Friedman#l

The Friedman#1 synthetic data set corresponds to
training vedorswith 10input and 1 output variables
generated according to

t = 108N(T4X) + 20(X- 0.5)° + 10x, + g+ €,

where € is Gaussan noise with distribution N(0,1)
and Xi,..x;0 are uniformly distributed over the

interval [0,1]. Noticethat X,..X;0d0 not enter in the
definition of t and are only included to check the
prediction method’ s ability to ignore these inputs.
Following [9], we generated 1400 sample vedors
and randomly split the data in training and test sets
containing, respedively, 200 and 1000 patterns.
Furthermore, we mnsidered ANN with 6 hidden
units and the same learning rate n=0.1 and
momentum p=0.2 for the backpropagation rule used
in[9]. Again, we set Ng = 10,000and N4 = 30, and
performed 20 runs of the whole process The
corresponding mean-squared error on the test set is
given in Table 1, where we again include the
performances of the other methods considered in [9]
for comparison. This time the ensembles contain 4
to 10 ANN, and gve the same average aror as the
30 ANN ensembles produced by NBAG.

Fig. 2 shows the evolution of the validation and test
set errors as a function of the number of ANN in the
ensemble for a typical experiment. Unlike the
previous case of the Ozone dataset, here the minima
of these airves coincide in more than 75% of the
runs.
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Fig. 2. Evolution of the erors corresponding to the
validation and test sets as a function of the number of
networks incorporated to the ensembl e for the Friedman#1
dataset.

4.3. Discussion

For bath the Ozone and Friedman#1 datasets our
algorithm shows sme improvement over the simple
early-stopping method, which can only be produced
by the seledion procedure. More importantly, it
produces ensembles with an average of 4 members
for the Ozone dataset and 7 members for
Friedman#1, showing the same performance of
Neural BAG that uses 30 members. It has also the
advantage over this last method of avoiding the
computational burden of keeing al the
intermediate networks generated in the training
process Furthermore, the individual networks do
not neal to be trained to convergence like in



Neura BAG, since the training process terminates
by validation like in the erly-stopping method.

6. Conclusions

We proposed a new method for sdeding dverse
members of ANN ensembles. At every stage, the
algorithm seeks for a new potential member that is
at least partialy anticorrelated with the previous
stage ensemble etimator. By comparison against
other methods proposed in the literature, we showed
that this grategy is effedive and generates snall
ensembles with very diverse members. This was
exemplified by applying our method to two standard
statistical benchmarks, the Ozone and Friedman#1
datasets. The results are encouraging and we are
presently performing a more extensive thed of the
algorithm on new databases.
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